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Abstract—The discrete Fourier transform is a versatile math-
ematical kernel widely used in a myriad of applications from
physics, chemistry, and even machine learning. While most
applications typically rely on power of two sizes for which high
performance implementations have been developed as software
libraries or custom hardware IPs, there are codes in chemistry
or even machine learning that require non-power of two or
even prime-sized Fourier transforms. Classic prime-sized Fourier
transform implementations are more complicated and less per-
formant both in software and in hardware compared to the
power of two implementations. Recent work [1] has shown
that casting small prime-sized Fourier transforms as specialized
matrix operations, competitive codelets can be developed on CPU
platforms. In this work, we focus on designing the corresponding
hardware unit for prime-sized Fourier transforms and integrating
the custom design within any mixed-radix Fourier transform.
We provide a detailed analysis of the design and investigate the
latency, throughput, and resource utilization on Xilinx FPGAs for
the both standalone and mixed-radix designs. We show that even
oddly shaped Fourier transforms can be appealing when building
custom hardware designs for general size Fourier transforms.

Index Terms—Fourier transforms, mixed-radix, prime-sizes,
specialized matrix operation, FPGA

I. INTRODUCTION

The discrete Fourier transform (DFT) is a key mathematical
tool that appears in a wide range of applications from fields
like physics, chemistry, material sciences and even machine
learning. Typically, most applications require power of two
sizes for which high performance software libraries and hard-
ware [Ps have been developed and studied over the past
years. However, there are scenarios, where codes require non-
power of two sizes or even prime-sized Fourier transforms. For
example, DFT-based pseudo-spectral solvers seen in particle
in cell (PIC) codes [2], DFT-based eigensolvers [3], [4] used
in planewave Density Functional Theory codes, or DFT-based
convolutions used in Local Correction (MLC) codes [5] and
even machine learning applications [6]-[8] may require oddly
shaped Fourier transforms. For such sizes, the typical Cooley-
Tukey algorithm [9], meant for power of two sizes, cannot be
directly utilized off the shelf.

Typically, the mixed-radix Cooley-Tukey algorithm decom-
poses any composite number into smaller building blocks,
that are implemented as codelets for small powers of two
and small prime sizes. The FFTW library [10] follows this
approach, where a multitude of codelets are created and then
linked together to create any composite size. For power of
two sizes, codelets of size 2, 4, 8 can be used. For general
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Fig. 1: The hardware design for a DFT of size a) 2, b) 4 and
¢) p = 5. These building blocks are sufficient for building any
Fourier transform of size 2¥5'.

composite sizes, prime sizes are needed, for which algorithms
like Rader [11] or Bluestein [12] have been developed. Both
cast the Fourier computation as a circular convolution by either
permuting the data or padding the original data and increasing
the problem size by at least twice the original size. Both
algorithms exhibit worse execution time as compared to the
power of two counterpart. Recent work by Popovici et. al [1]
has shown that the Fourier computation for small prime sizes
can be cast as specialized matrix operations that exploit the
structure of the Fourier computation. This approach has been
shown to outperform classical implementations within FFTW
on CPUs.

The idea that any composite size Fourier transform only
needs a handful of codelets as opposed to FFTW’s approach
of having a large number of codelets, becomes appealing. This
aspect is of great interest nowadays with hardware specializa-
tion. In this work, we focus on developing a specialized prime-
sized Fourier transform and integrating the IP within any
mixed-radix Fourier transform. As depicted for any Fourier
transform of size 2¥5' in Figure 1, we plan to utilize a reduced
set of building blocks. We provide details about the hardware
design choices and outline the trade-offs between latency,
throughput, and resource utilization on Xilinx FPGAs. We
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Fig. 2: The decomposition of a DFT of size 20 using a mixed-
radix algorithm. The 1D DFT is viewed as a set of linear
algebra operations, where the 1D input and output x and y are
viewed as 2D matrices £ and gy. The decomposition applies
DFTs of size 5 and 4 on the data, a point-wise scaling with

the twiddle factors, and a transposition step.

outline the different characteristics of the integrated designs.
Finally, we will provide an end-to-end implementation by
developing a lightweight code generator, using the Chisel
Hardware Construction Language (HCL), to allow for fast
prototyping of the designs on any FPGA systems.

Contributions. The paper makes the following contribu-

tions:

1) We develop a custom IP for prime-sized Fourier trans-
forms and perform a detailed analysis of its performance
characteristics.

2) We integrate the custom design within a mixed-radix im-
plementation, analyzing the trade-offs between latency,
throughput, and resource utilization on modern FPGA
systems.

3) We provide an end-to-end tool implemented in the
Chisel language to enable ease of prototyping for any
composite size Fourier transform.

II. BACKGROUND

In this section, we briefly present the Fourier transform. We
focus on the mixed-radix implementation using both power of
two and prime-sized kernels. We outline the details for the
prime-sized transforms in [1].

A. The Fourier Transform

The discrete Fourier transform is a linear transform such as
y=DFTy -z, (D

where x/y represent one dimensional input/output arrays of
size N. The DFTy represents the complex type Fourier
matrix defined as

DFTy = [wi] ,VO<k<Nand0<I<N, (2

where wy = ¢ ¥ and j2 = —1. The elements of the Fourier
matrix represent the roots of unity for a given size V.

The Fourier transform for composite sizes N = nm is
implemented using fast algorithms like the Cooley-Tukey
algorithm [9], that factorizes the Fourier matrix. For example,
the Fourier matrix in Equation 1 is re-written as a set of linear
algebra operations such as

§ = (Twidpxn © (& - DFT,))" - DFT,,, (3)
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Fig. 3: The Rader and Bluestein algorithms used for im-
plementing prime-sized Fourier transforms. Both algorithms
require pre/post processing steps to reshape the matrix into a
circulant matrix. The circulant matrix is then decomposed into
a forward, inverse Fourier transform and a diagonal matrix.

where z/y represent the 2D matrix views of the original
input/output z/y. The input Z is an m X n matrix, and the
output g is an n X m matrix, both stored in column major order.
The first step of the decomposition applies a DFT of size n
in the rows of 2. The result is then point-wise scaled with
the so-called twiddle factors T'wid,, xn, and then transposed
from an m X m matrix to an n X m matrix. A DFT of size
m is applied in the rows of the transposed matrix to obtain
the final output y. The decomposition is depicted in Figure 2.
For power of two sizes, the decomposition will always deal
with smaller power of two sizes, the smallest being the DFT
of size 2 defined as the butterfly matrix

1 1
DFT, = L _J . “4)
For composite sizes like N = 20, the decomposition requires
a DFT of size 4 and a DFT of size 5, for which different
algorithms must be used.

Typically, Rader’s [11] or Bluestein’s [12] algorithms can be
used to compute prime-sized DFTs. As depicted in Figure 3,
both algorithms restructure the Fourier matrix as a circulant
matrix (a matrix where each column is a shifted version of the
previous column). The circulant matrix is the decomposed as
a forward, inverse Fourier transform and a diagonal matrix.
Frameworks like Spiral [13] utilize the two algorithms to
generate software or hardware for such problem sizes. The
work by Milder et. al [14], [15] has outlined that prime-sized
Fourier transforms and indirectly mixed-radix DFTs are more
expensive in execution time and resource utilization, compared
to the power of two counterparts. Recent work [1] has shown
that a simpler implementation can be obtained, which will be
presented in the following sub-section.
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The w terms can be expanded as real and imaginary parts, and
the computation can further be grouped as

Re{ws} - (z1 4+ x4) + - Im{ws} - (21 — 24)
Re{ws} - (1 + x4) — j - Im{ws} - (z1 — 24),

(13)
(14)

where Re{-} and Im{-} represent the real and imaginary parts
of a complex number. Utilizing the same principle for the x5
and x3, the overall computation of the (yi,y4) output pairs
can be modified as

Matrix

Fig. 4: The implementation of a DFT of size 5, where only
the columns and rows of 1 and the upper triangular matrix are
needed to fully compute the Fourier transform. More details
can be found in [1].

B. The Prime-Sized DFT Kernel

The work by Popovici et. al [1] has outlined an alternative
approach for computing prime-sized Fourier transforms. In-
stead of reshaping the Fourier matrix, the paper exploits the
structure of the matrix. For consistency, we will provide a brief
description of the approach and refer the readers to the paper
for more details. As an example, we use y = DF'T5 - x which
can be expanded as

Yo wd Wl Wl oWl Wl Zo
Y1 wd wl oWl oW oWl x1
yo| = |wf w? wi w8 Wi |z2]. (5)
Y3 wd wd oWl W) wi? x3
Ya wd wi oWl wi? Wit T4

Using the properties that w) = 1 and wf = wg ~5, the Fourier

matrix can be re-written as

Y0 1 1 1 1 1 xg
Y1 1 ws w? w5_2 w5_1 T1
ya| = |1 w% wgl ws wg2 |z . (6)
Y3 1 wi? ws wy' W x3
Y4 1 w5_1 w5_2 w wi T4

The first element in the output vector y is computed as

yo=wzo+1-x1+1 -2+ 1 -23+1- 14, (7N

=x0+1- (21 +24) + 1 (22 +23) (®)

The grouping of the input terms in the above formula will be

clarified in the following paragraphs. The computation of the

remaining outputs can be done in pairs. For example, the pair
(y1,y4) can be computed as

y1::c0+w5-x1+w§‘x2+w5_2-:173+w5_1~z4 9)

y4::co+w5_1~:c1+w5_2~x2+w§~x3+w5~x4, (10)

where wg’ ! and wyg % represent the complex conjugates of ws
and w?, respectively. The paper exploits the complex conjugate
property of the w terms by grouping the input terms such as

W5~x1+wg1~x4 (11

wgl - T 4 ws - 4. (12)

t, = xo (15)
ti=0 (16)
tr+ = Re{ws} - (x1 + 24) (17)
ti+ =Im{ws} - (z1 — x4) (18)
ty+ = Re{w?} - (zo + 3) (19)
ti+ = Im{w?} - (v2 — x3) (20)
=t +jxt; 2D
ys =t, — j *t;. (22)

Similarly, the output pair (y2,y3) can also be computed.

The overall computation is simplified. The complex mul-
tiplication with the twiddle factors is replaced with real
multiplication. The real and imaginary parts of the w terms
are multiplied against pairs of input terms, i.e. (z1,24) and
(z2,x3). An astute reader may identify the DFTs of size 2
being used between the pairs of inputs and outputs, respec-
tively. As depicted in Figure 1, this implementation can easily
be implemented in hardware.

III. BUILDING THE HARDWARE COMPONENTS

In this section, we present our approach to generating hard-
ware designs for prime-sized and mixed-radix Fourier trans-
forms. In our implementations we aim at generating streaming
DFT designs, where data flows through the components con-
tinuously. For the power of two sizes, bit-wise permutations
and point-wise multiplications with the twiddle factors are
mapped as streaming sub-modules and pieced together with
DFTs of sizes 2 and 4, following the implementations provided
by Spiral [13].

A. Designing the Prime-Sized Fourier Kernel

We use Chisel Hardware Construction Language (HCL) [16]
to construct a template for the prime-sized Fourier transform
as depicted in Figure 5. The template has a top module that
defines the prime-sized Fourier transform. The top module
is built up from five sub-modules, i.e. two data adjustment
sub-modules, two modules that perform pair-wise addition
and subtractions (DF'T5s), and one multiply and accumulate
(MAC) module. The manner in which the sub-modules are
instantiated and pieced together is determined by 1) the
parameter configurations in the top modules and 2) the patterns
baked into the top module. The order of the sub-modules does
not change, only the stitching between each module. For the
prime DFT generator, the parameters include prime-DFT size,
streaming width, and floating point precision. In the following
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Fig. 5: The Chisel template for the prime-sized Fourier trans-
form. The top module contains the corresponding modules
for data permutation, pair-wise addition and subtraction, and
multiply and accumulate. The top module specifies the size of
the DFT, the streaming width, and the floating point precision.

paragraphs, we will discuss the data adjustment and MAC sub-
modules. The DF'T, sub-modules are just butterfly operators
as depicted in Figure 1.

Data Adjustment Sub-Modules. The sub-modules re-
organize the data such that the data points are in the correct
order. For example, for the implementation of a DF'T5, the
input adjustment sub-module extracts the first element z, and
forms the pairs (z1,x4) and (22, x3), while the output adjust-
ment module shuffles yo and pairs (y1,y4) and (ya2,ys3) back
to the original order. The extract and shuffle operations can be
seen in Figure 6. In general, the prime-sized Fourier transform
reads input values x; and x,,_; to produce the output values y;
and y,,—;, for all values i = 1..(n—1)/2. Additionally, the first
element of the input zo and the first element of the output y,
need to be accumulated separately. The Chisel implementation
of these sub-modules follows the general details from the work
by Piischel et. al [17], where permute units are implemented
as switch-memory-switch blocks.

Multiply and Accumulate Sub-Module. The most time
consuming part for any prime-sized Fourier transform is
represented by the multiply and accumulate (MAC) operations
as outlined in Equation 8 and Equations 17-20. The equations
can be translated into an array of MAC units as depicted
in Figure 7, where we show the array of MACs for the
DF'Ty5 example. The top adder accumulates the updates to
Yo, while the bottom two groups of multipliers and adders
perform the corresponding updates to the rest of outputs. The
first group updates the output pairs (y1,¥4), and the second
updates (y2,y3). The three groups work in a pipeline fashion.

input output input output
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Fig. 6: The P and () units manipulate the data. The compu-
tation required for any prime-sized Fourier transform needs
the data to be shuffled and reorganized. P extracts the first
element z( and creates the pairs (z1,24) and (22, z3). The Q
block performs the opposite.
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Fig. 7: The diagram that outlines the accumulator and multiply
and accumulate (MAC) units required by the DFT5. The
accumulator performs the updates to the first term gy of
the output. The units work in a systolic fashion, each group
working on different pairs of data at a time (note the registers
R between the three groups).

We use registers in between the groups of operations to delay
the data between the units. In the first iteration, two complex
numbers produced by the D F'T; are passed to the accumulator
that updates yo. The same two complex numbers are stored
into registers to be subsequently used in the next iteration.
In the next iteration, while the accumulator unit updates yg
with the new values obtained from the DF'T5, the first MAC
unit operates on the previously stored complex numbers. Each
complex number is multiplied with the corresponding real and
imaginary components of the roots of unity and accumulated to
the corresponding registers. In each iteration, new data points
are produced by the DF'T5 until all blocks are processing in
parallel. Once the iterations have managed to stream the data
through, each group will output the results to a second DF'T5
to form the final output results.

Note that the DF'T5 requires an accumulator to hold the
updates to yo and two groups MAC units for the remaining
four output elements. In general, for any prime-sized Fourier
transform, the total number of MAC groups, including the
accumulator, can be determined as

nypac =14+ (p—1)/2, (23)

where p represents the prime size. Using this formula we
can estimate the total number of floating point adders and
multipliers needed by our implementation. Therefore, the new
prime-sized Fourier transform requires 2 % (p — 1) + 2 adders
and 2 * (p — 1) multipliers. In addition, a constant amount of
eight adders is needed to account for the floating point adders
present in the two DF'T5.

B. The Mixed-Radix Fourier Transform

Similar to the prime-sized Fourier transform, we create a
templatized mixed-radix Fourier transform using the Chisel
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Fig. 8: Two designs that correspond to the mixed-radix DF"T5y. Design A. has an overall streaming width of two complex
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Size  Prime-Sized Kernel  Bluestein to closest 2™
3 14 adds, 4 muls 44 adds, 40 muls
5 18 adds, 8 muls 60 adds, 48 muls

7 22 adds, 12 muls
11 30 adds, 20 muls
13 34 adds, 24 muls

60 adds, 48 muls
76 adds, 54 muls
76 adds, 54 muls

TABLE I: Comparing the number of floating point operations
for our approach of implementing the prime-sized Fourier
transform against the Bluestein algorithm. The Bluestein ap-
proach decomposes the circular matrix outlined in Figure 3
using a forward and inverse DFT and a point-wise scaling
operation of size greater than 2p, where p is the prime size.
Usually the Bluestein algorithm increases the problem size to
a power of two for which fast DFT algorithms exist.

language. We define a top module as the main transform and
the corresponding sub-modules for the different components.
The sub-modules are represented by the DFTs of the different
radix, permutation units, and point-wise scaling operations.
For the DFTs, we restrict our approach only to DFTs of size
two and four and prime size p. In addition, we organize the
DFT sub-modules such that the power of two sub-modules
go first, and then the prime-sized transforms. Depending on
the decomposition, the top-module instantiates and links the
corresponding sub-modules together. The top module accepts
as parameters the size of the Fourier transform, the streaming
width, and the data type. The configuration of parameters has
similar implications to the stand-alone prime DFT in terms of
influencing the hardware cost, parallelism, and precision.
Figure 8, outlines two hardware designs for the mixed-
radix DF'T5y. The first design imposes a streaming width of
two complex elements per cycle. For this design, the Chisel

generator chooses the DF'T» and DF'T5 as the main compute
units and configures the permutation units accordingly. The
second design is configured with an increased streaming width
of four complex numbers per cycle. This in turn modifies
the computation kernels, by choosing a D F'T} instead of two
DFT5s. The permutation units are also configured to allow
four elements as input and four elements as output. Note that
for the this implementation, there are two DFTys. These
two implementations are needed to remove any bubbles in
the pipeline, which may be introduced given the extra zeros
for the prime-sized Fourier transform. All other mixed-radix
Fourier transforms are generated in a similar fashion. In the
following section, we present some results using our approach
for generating mixed-radix Fourier transforms.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

In this section, we present experimental results for the
generated hardware for both the prime-sized Fourier transform
and the mixed-radix implementation. For each experiment, we
analyze our approach and compare it against other hardware
implementations, when possible. We also provide a discussion
of current limitations and future directions.

Methodology. As stated in the previous section, we have
created templatized implementations for both the prime-sized
Fourier transform and mixed-radix implementation, using the
Chisel HCL. The current templates are meant to generate
streaming architectures, where data flows from one sub-
module to another. We allow the user to specify the Fourier
transform size, the streaming width and the data type. The tool
will instantiate the sub-modules, create the temporary buffers
and link everything together. The generated Verilog code is
then passed through the Vivado 2023 tool chain to synthesize



Size  Latency [cycles] LUTs FFs Memory [kB]
3 81 10,253 14,493 0.9
5 124 14,361 20,446 1.8
7 167 18,532 26,066 2.7
11 253 36,035 37,487 4.5
13 296 39,755 43,281 5.4

TABLE II: Results for prime-sized Fourier transforms. We re-
port the latency and the resource utilization when synthesizing
the hardware for the FPGA.

and do “place and route” for the design on the U280 Xilinx
FPGA board.

Prime-Sized Fourier Transforms. We focus first on the
prime-sized Fourier transform. Neither Spiral, nor the Xilinx
IP generator provide readily available hardware for prime-
sizes. From previous papers [14], [15], we can extract that
prime-sizes are implemented using the Bluestein algorithm.
As such, we provide a comparison of floating point operation
count between our approach and the Bluestein algorithm,
and outline the resource utilization of our approach when
targeting the U280 Xilinx FPGA. Table I outlines the different
number of floating point operations needed by our approach
and the classical implementation. The Bluestein algorithm
applies a pre/post processing step to convert the Fourier matrix
into a circular matrix as outlined in Figure 3. The matrix
is not directly applied on the data, rather it is decomposed
into a forward DFT, a point-wise scaling operation and an
inverse Fourier transform. The size of the Fourier transforms
is at least twice the size of the original prime size p. Most
implementations choose to increase the problem size to the
nearest power of two, for which efficient implementations of
the DFTs have already been developed. The problem size
increase requires data padding with zeros, which may cause
bubbles in the hardware pipelined design. In contrast, our
approach requires simple shuffle operations, and a computation
that can be done with a matrix multiply engine. Table II
outlines the resource utilization as estimated by the Vivado
tool chain. We report the number of LUTs, FFs and BRAM
utilization. We also report the latency of each of design. For
all the designs, the Vivado tool chain estimates a frequency of
280 MHz on a Xilinx Alveo U280 board.

Mixed-Radix Algorithm for Composite Sizes. We in-
tegrate the prime-sized Fourier transform into the mixed-
radix implementation. We explore different design choices
for composite sizes like 20, 28, 88, 96 and 192. Table III
outlines the latency and the resource utilization for each of
the designs. Note that we generate different designs based on
the overall streaming width (the input and output streaming
width of the entire DFT). When we increase the streaming
width, our approach increases the power of two sizes from
two to four and also duplicates the prime-sized units. Recall
that the prime-sized Fourier transform requires an insertion of
a zero term, which may cause pipeline bubbles. As expected,
increasing the streaming width, will require more resources
to be utilized. However, the number of stages is reduced and

Size  SW  Latency (cycles) LUTs FFs Memory [kB]
20 2 436 28,630 38,454 9.5
20 4 357 57,796 67,530 13.6
28 2 562 33,782 44,124 13.4
28 4 469 67,441 78,954 19.7
88 2 1,027 50,764 69,829 27.8
88 4 857 104,413 130,802 37.2
96 2 901 66,316 105,946 19.4
96 8 439 187,674 273,283 26.1
192 2 1,532 101,699 180,964 36.8
192 8 692 260,575 375,404 43.5

TABLE III: Results for the mixed-radix implementations using
our prime-sized Fourier transform. We report the latency and
the resource utilization when synthesizing the hardware on the
U280 FPGA.

hence the latency is decreased. All the tested designs were
able to fit on the U280 Xilinx FPGA board.

Discussion. We focused on the specialized implementa-
tion for prime-sized and mixed-radix Fourier transforms. We
presented some preliminary results. We could not compare
the designs with Spiral or the Xilinx IP generator, since
neither frameworks offered readily available hardware designs
for the selected sizes. We compared the power of two sizes
generated by our tool against the designs generated by Spiral
generated ones, and the designs are competitive. There are
still optimizations that need to be added to our approach.
First, the current implementation of the prime-sized Fourier
transform is restricted to a streaming width of two complex
elements (input and output). Increasing the streaming width
requires some minor modifications to the array of multiply and
accumulate units. Secondly, our designs require more buffers.
The adjustment sub-modules require buffers to reshape the
data. However, for mixed-radix implementations, the permu-
tation units and the adjustment modules can be merged into a
single sub-module to reduce the required memory. Lastly, the
current generator creates one dimensional Fourier transforms
for batched and non-batched data. However, the units must be
used as part of two dimensional and three dimensional Fourier
computations needed by planewave DFT codes. All these we
leave as future work.

V. CONCLUSION

This paper presents a new hardware solution for prime-sized
and mixed-radix Fourier transforms. We have implemented an
alternate kernel for prime-sizes, following the details from
a previous work. We have incorporated the novel kernel
design into a lightweight generator constructed with the Chisel
Hardware Language, which enables us to generate Verilog
code for various Fourier transforms. We used the generator
to experiment with Fourier transforms of different sizes and
streaming widths. Overall, we have provided a solution for
composite sizes that require fewer number of computational
codelets/kernels compared to the FFTW library, hence making
forward steps in providing a flexible hardware implementation
for general sizes Fourier transforms.
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